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Abstract The neoclassical Redlich–Kwong (RK) theory of capillarity is extended
to the Soave–Redlich–Kwong (SRK) and Peng–Robinson (PR) equations of state. Use
of the SRK and PR fluid models results in poorer predictions of interfacial tension
compared to the RK model because the RK overpredicts vapor densities to a greater
extent than SRK or PR, reducing the corresponding RK interfacial tension predictions
to be in better agreement with accepted values. The limits of the theory applied to
cubic equations are reached by proposing modified SRK and PR fluid models based
on a known interfacial tension datum and knowledge of the fluid molecular structure.
These modified fluid models provide improved accuracy in interfacial tension predic-
tions of 6 % (SRK) and 10 % (PR) for the fluid set in this study when compared to
applying the RK model (17 %). These modified fluid models also provide improved
predictions of bulk liquid density, but sacrifice accuracy in pressure and vapor density
predictions.

Keywords Interfacial tension · Peng–Robinson · Soave–Redlich–Kwong · Theory
of capillarity

1 Introduction

The ability to predict behavior in fluids without resorting to extensive experimenta-
tion saves time in choosing fluids for a desired application. The standard approach
to providing this prediction is to observe the behavior of the molecular structure of
the fluid, and then apply the gained knowledge to provide insight into macroscopic
properties of the fluid. Rowlinson and Widom [1] provide a historical account of the
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development of the various models used to apply molecular ensemble information
toward prediction of macroscale thermodynamic properties.

One such macroscopic property, interfacial (surface) tension, is directly connected
to the microscale structure of the liquid–vapor interface. Van der Waals [2] and Cahn
and Hilliard [3] apply the van der Waals fluid model to the known curvature of the
liquid–vapor interfacial region density profile to derive a predictive model of interfacial
tension using excess free energy in the system due to the lack of a discontinuity between
the two phases. Later, Carey [4] applied the same methodology with a Redlich–Kwong
(RK) fluid model to provide improved interfacial tension predictions for a variety of
fluids. In this study, I hypothesize that further improvements in the accuracy of the
cubic equation of state provides additional improvements in the interfacial tension
prediction. I will show, however, that the increased complexity of the Soave–Redlich–
Kwong (SRK) and Peng–Robinson (PR) models results in a reduction in agreement
for interfacial tension predictions when compared to accepted values found in standard
handbooks [5–16]. However, I propose a means to predict the interfacial tension for
modified SRK and PR models using a known interfacial tension datum in a real fluid.

In this article, I apply the same approach outlined by the original van der Waals
theory of capillarity and Carey’s neoclassical theory of capillarity. A large number of
steps in the derivation process have been omitted as the approach used here mimics
those used for the simpler fluid models in past studies.

It should be noted that other approaches have been used to predict interfacial tension
for an arbitrary fluid. The text by Reid et al. [17] mentions several predictive relations
for the variation of interfacial tension with temperature for a given fluid, of which two
(Refs. [18] and [19]) are based in part on the fluid’s acentric factor and were applied
in this study. It should also be mentioned that more accurate equations of state such as
the Lee–Kesler version of the Benedict–Webb–Rubin equation [12], SAFT [20], and
Pruss-Wagner [21]. Interfacial tension predictions have been successfully predicted
using these approaches via extensive computational simulation [22], but the goal in
this study is to provide a single analytical equation relating the bulk saturation prop-
erties and interfacial tension based on a first principles approach via the molecular
partition function.

2 Derivation of the SRK and PR Partition Functions

Fluid molecules within the interfacial region witness a net intermolecular force dif-
ferent than that in the bulk phases. The partition function Q follows the formulation
[23]

Q = (2πMkbT )3N/2

N !h3N

π(ξ−5)N/2

σ N
s

[
nr∏

i=1

(
T

θ̃i

)(ξ−3)N/2
]

Zn (1)

where M is the molecular mass, kb is Boltzmann’s constant, T is temperature, N is the
number of molecules, h is Planck’s constant, σs is symmetry number, ξ is the number
of molecular degrees of freedom, θ̃i is one of nr rotational temperatures, and Zn is the
configuration integral,

123



Int J Thermophys (2010) 31:253–275 255

Zn = exp

[
ãγ ηN 2

V kbT
+ κ ãγ ηNρ′′(z)

2kbT

] (
V − Nb̃

)N
(2)

where V is volume and ρ is number density; ã, b̃, γ (T ), and η(V/N ) are coefficients
dependent upon the fluid model; and κ depends on intermolecular forces, fluid model,
and temperature. The coordinate direction z is normal to the liquid–vapor interface.
Substitution of Eq. 2 into Eq. 1 and taking the logarithm of both sides yields

ln Q = N + 3N

2
ln

[
2πMkbT (V − Nb̃)2/3

N 2/3h2

]
+ N

[
ξ − 5

2
ln π − ln σs

]

+ (ξ − 3)N

2

nr∑
i=1

[
ln

(
T

θ̃i

)]
+ ãγ ηN 2

V kbT
+ ãγ ηκNρ′′(z)

2kbT
(3)

Evaluation of the parameters γ and η is performed using the thermodynamic definition
of pressure in a bulk phase:

P = kbT

(
∂(ln Q)

∂V

)
T,N

(4)

Combining Eqs. 3 and 4 and setting ρ′′ = 0 for a bulk phase yields

P = NkbT

V − Nb̃
− ãγ N 2

V

(
η

V
− dη

dV

)
(5)

The SRK and PR equations of state are specific instances of the Patel–Teja equation
of state [24], and the SRK and PR are commonly known as [25,26]

– SRK:

P = NkbT

V − Nb̃srk
− ãsrkαsrk N 2

V
(

V + b̃srk N
) (6)

– PR:

P = NkbT

V − Nb̃pr
− ãprαpr N 2

V 2 + 2Nb̃prV − N 2b̃2
pr

(7)

with the coefficients

ãsrk = 0.42748
k2

b T 2
c

Pc

b̃srk = 0.08664
kbTc

Pc

Zsrk = 1/3
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ãpr = 0.45724
k2

b T 2
c

Pc

b̃pr = 0.0778
kbTc

Pc

Zpr = 0.307 (8)

where αsrk and αpr are known to reduce to unity at the critical point, and Z is the
compressibility of the fluid at the critical point. Note that the subscripts srk and pr
have been added to identify the unique definitions of ã, b̃, and α to the SRK and PR
fluid models, respectively. Comparison of Eq. 5 with Eqs. 6 and 7 yields γ = α(T )
and relations for η for both fluid models. Substitution of γ and η into Eq. 3 yields the
partition functions:

– SRK:

ln Q = N + 3N

2
ln

[
2πMkbT (V − Nb̃srk)

2/3

N 2/3h2

]
+ N

[
ξ − 5

2
ln π − ln σs

]

+ (ξ − 3)N

2

nr∑
i=1

ln

(
T

θ̃i

)
+ ãsrkαsrk N

b̃srkkbT
ln

(
V + Nb̃srk

V

)

+ ãsrkαsrkκsrkVρ′′(z)
2kbT b̃srk

ln

(
V + Nb̃srk

V

)
(9)

– PR:

ln Q = N + 3N

2
ln

[
2πMkbT (V − Nb̃pr)

2/3

N 2/3h2

]
+ N

[
ξ − 5

2
ln π − ln σs

]

+ (ξ − 3)N

2

nr∑
i=1

ln

(
T

θ̃i

)
+ ãprαpr N

2
√

2b̃prkbT
ln

⎛
⎝V +

(
1 + √

2
)

Nb̃pr

V +
(

1 − √
2
)

Nb̃pr

⎞
⎠

+ ãprαprκprVρ′′(z)
4
√

2kbT b̃pr
ln

⎛
⎝V +

(
1 + √

2
)

Nb̃pr

V +
(

1 − √
2
)

Nb̃pr

⎞
⎠ (10)

where κsrk and κpr refer to the unique relations of κ for the SRK and PR fluid models,
respectively.

3 Derivation of Bulk Phase Thermodynamic Properties

Establishing the SRK and PR partition functions allows calculation of bulk phase
thermodynamic properties such as chemical potential and density. Knowledge of these
bulk phase properties allows prediction of saturation densities and pressure. In the bulk
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phase, ρ′′(z) = 0, so the final term is ignored for both Eqs. 9 and 10. The molecular
chemical potential for a bulk phase is determined as

µ = −kbT

(
∂(ln Q)

∂N

)
V,T

(11)

and so the chemical potential for SRK and PR are

– SRK:

µ = −kbT ln

(
V − Nb̃srk

N�3

)
+ NkbT b̃srk

V − Nb̃srk

−kbT

(
ξ − 5

2
ln π − ln σs + ξ − 3

2

nr∑
i=1

ln

(
T

θ̃i

))

− ãsrkαsrk

b̃srk
ln

(
V + Nb̃srk

V

)
− ãsrkαsrk N

V + Nb̃srk
(12)

– PR:

µ = −kbT ln

(
V − Nb̃pr

N�3

)
+ NkbT b̃pr

V − Nb̃pr

−kbT

(
ξ − 5

2
ln π − ln σs + ξ − 3

2

nr∑
i=1

ln

(
T

θ̃i

))

− ãprαpr

2
√

2b̃pr
ln

⎛
⎝V +

(
1 + √

2
)

Nb̃pr

V +
(

1 − √
2
)

Nb̃pr

⎞
⎠− ãprαpr N V

V 2 + 2Nb̃prV − N 2b̃2
pr

(13)

where

� =
(

h2

2πMkbT

)1/2

(14)

Following [4], Eqs. 6, 7, 12, and 13 were put into molar forms for density ρ̂, specific
volume v̂, and chemical potential µ̂:

ρ̂ = N
V Na

v̂ = V Na
N = 1

ρ̂

µ̂ = Naµ

(15)

where Na is Avogadro’s number. The resultant relations for pressure expressed in their
molar form are
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– SRK:

P = RT

v̂ − Nab̃srk
− ãsrkαsrk N 2

a

v̂
(
v̂ + Nab̃srk

) (16)

– PR:

P = RT

v̂ − Nab̃pr
− ãprαpr N 2

a

v̂2 + 2v̂Nab̃pr − N 2
a b̃2

pr

(17)

where R = Nakb is the ideal gas constant.
The reduced form of these equations are

– SRK:

Pr = 3Tr

vr − bsrk
− asrkαsrk

vr (vr + bsrk)
(18)

– PR:

Pr =
(
1/Zpr

)
Tr

vr − br
− aprαpr

v2
r + 2vrbpr − b2

pr
(19)

where the reduced properties and coefficients are

µr = µ̂
RTc

vr = v̂
v̂c

ρr = ρ
ρc

= 1
vr

Tr = T
Tc

Pr = P
Pc

θi = θ̃i
Tc

asrk = ãsrk N 2
a

Pcv̂2
c

= 3.84732

bsrk = b̃srk Na
v̂c

= 0.25992

apr = ãpr N 2
a

Pcv̂2
c

= 4.8514

bpr = b̃pr Na

v̂c
= 0.25342

(20)

where the properties at the critical point are designated by the subscript c.
The reduced form of the equations for chemical potential are
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– SRK:

µr = −Tr ln

(
v̂c(vr − bsrk)

Na�3

)
+ Trbsrk

vr − bsrk

−Tr

(
ξ − 5

2
ln π − ln σs + ξ − 3

2

nr∑
i=1

ln

(
Tr

θi

))

−asrkαsrk

3bsrk
ln

(
vr + bsrk

vr

)
− asrkαsrk

3 (vr + bsrk)
(21)

– PR:

µr = −Tr ln

(
v̂c(vr − bpr)

Na�3

)
+ Trbpr

vr − bpr

−Tr

(
ξ − 5

2
ln π − ln σs + ξ − 3

2

nr∑
i=1

ln

(
Tr

θi

))

−aprαpr Zpr

2
√

2bpr
ln

⎛
⎝vr +

(
1 + √

2
)

bpr

vr +
(

1 − √
2
)

bpr

⎞
⎠− aprαpr Zprvr

v2
r + 2vrbpr − b2

pr
(22)

At equilibrium, the chemical potential of both phases is equivalent, so the chemical
potential for the liquidµrl equals that for the vaporµrv. Applying this fact into Eqs. 21
and 22 yields the requirement for equilibrium for each fluid model:

– SRK:

0 = −Tr ln

(
vrv − bsrk

vrl − bsrk

)
+ Trbsrk

(
1

vrv − bsrk
− 1

vrl − bsrk

)

−asrkαsrk

3bsrk
ln

(
vrl (vrv + bsrk)

vrv (vrl + bsrk)

)
− asrkαsrk

3

(
1

vrv + bsrk
− 1

vrl + bsrk

)
(23)

– PR:

0 = −Tr ln

(
vrv − bpr

vrl − bpr

)
+ Trbpr

(
1

vrv − bpr
− 1

vrl − bpr

)

−aprαpr Zpr

2
√

2bpr
ln

⎡
⎣
⎛
⎝vrv +

(
1 + √

2
)

bpr

vrv +
(

1 − √
2
)

bpr

⎞
⎠/

⎛
⎝vrl +

(
1 + √

2
)

bpr

vrl +
(

1 − √
2
)

bpr

⎞
⎠
⎤
⎦

−aprαpr Zpr

[(
vrv

v2
rv + 2vrvbpr − b2

pr

)
−
(

vrl

v2
rl + 2vrlbpr − b2

pr

)]
(24)

Combination of Eqs. 19, 20, 23, and 24 allows calculation of the saturation ther-
modynamic properties Pr, vrl, vrv, ρrl, and ρrv for a given Tr and α.
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The standard definitions of αsrk and αpr were created to match saturation pressure
data for a variety of fluids [25,26]. These definitions are

– SRK:

α
1/2
srk = 1 + fsrk

(
1 − T 1/2

r

)
(25)

where

fsrk = 0.480 + 1.574ω − 0.176ω2 (26)

– PR:

α1/2
pr = 1 + fpr

(
1 − T 1/2

r

)
(27)

where

fpr = 0.37464 + 1.54226ω − 0.26992ω2 (28)

In Eqs. 26 and 28, the parameterω is the acentric factor based on the saturation pressure
Pr [27]:

ω ≡ − log10 (Pr (Tr = 0.7))− 1 (29)

4 Derivation of the SRK and PR Interfacial Tension Relations

Interfacial tension may be described by the excess free energy existing in the interfa-
cial region due to the existence of a gradual transition in the density profile between
the bulk phases. The free energy density at any given point in the interfacial region
may be expressed as

ψ = −kbT

V
ln Q (30)

which leads to the expressions:

– SRK:

ψ = −ρ̂RT ln

[
(1 − ρ̂Nabsrk)

ρ̂Na�3

]

−ρ̂RT

[
1 + ξ − 5

2
ln π − ln σs − (ξ − 3)

2

nr∑
i=1

ln

(
T

θ̃i

)]

−asrkαsrkρ̂Na

bsrk
ln
(
1 + ρ̂Nabsrk

)− asrkαsrkκsrkρ̂
′′Na

2bsrk
ln
(
1 + ρ̂Nabsrk

)
(31)
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– PR:

ψ = −ρ̂RT ln

[
(1 − ρ̂Nabpr)

ρ̂Na�3

]

−ρ̂RT

[
1 + ξ − 5

2
ln π − ln σs − (ξ − 3)

2

nr∑
i=1

ln

(
T

θ̃i

)]

−aprαprρ̂Na

2
√

2bpr
ln

⎛
⎝1 +

(
1 + √

2
)
ρ̂Nabpr

1 +
(

1 − √
2
)
ρ̂Nabpr

⎞
⎠

−aprαprκprρ̂
′′Na

4
√

2bpr
ln

⎛
⎝1 +

(
1 + √

2
)
ρ̂Nabpr

1 +
(

1 − √
2
)
ρ̂Nabpr

⎞
⎠ (32)

A more general form of the expression for free energy density in the interfacial region
is

ψ = ψ0
(
ρ̂, T

)− m
(
ρ̂, T

)
ρ̂ρ̂′′ (z) (33)

whereψ0 is the free energy density in one of the bulk phases. In comparing Eqs. 31–33,
one can see that the parameter m depends on the final term of Eqs. 31 and 32 alone.
The parameter m can be calculated as

– SRK:

m = asrkαsrkκsrk Na

2ρ̂bsrk
ln
(
1 + ρ̂Nabsrk

)
(34)

– PR:

m = aprαprκpr Na

4
√

2ρ̂bpr
ln

⎛
⎝1 +

(
1 + √

2
)
ρ̂Nabpr

1 +
(

1 − √
2
)
ρ̂Nabpr

⎞
⎠ (35)

The bulk phase free energy densityψ0 contains all but the final term in each of Eqs. 31
and 32. Following [4], the interfacial tension σlv is calculated as

σlv =
ρ̂l∫
ρ̂v

[
2m̃ψe

]1/2 dρ̂ (36)

where ψe is the excess free energy density and will be evaluated later, and

m̃ = 2

(
m + ρ̂

dm

dρ̂

)
(37)
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Evaluation of Eq. 37 using Eqs. 34 and 35 yields the relations

– SRK

m̃ = asrkαsrkκsrk N 2
a

1 + ρ̂Nabsrk
(38)

– PR

m̃ = aprαprκpr N 2
a

1 + 2Nabprρ̂ − N 2
a b2

prρ̂
2 (39)

Combination of Eq. 36 with Eqs. 38 and 39 yields

– SRK:

σlv =
ρ̂l∫
ρ̂v

[
2N 2

a asrkαsrkκsrkψe

1 + ρ̂Nabsrk

]1/2

dρ̂ (40)

– PR:

σlv =
ρ̂l∫
ρ̂v

[
2N 2

a aprαprκprψe

1 + 2Nabprρ̂ − N 2
a b2

prρ̂
2

]1/2

dρ̂ (41)

These equations for σlv require evaluation of κ and ψe, and this analysis is
performed in the following two sections.

4.1 Determination of κ

Following [4], evaluation of κ requires the implementation of an intermolecular
potential function. The commonly used Lennard–Jones 6-12 potential [28] provides
a reasonable approximation of dispersion forces between adjacent molecules:

φ(r) = 4εlj

[(σlj

r

)12 −
(σlj

r

)6
]

(42)

where r is intermolecular separation and εlj and σlj are the Lennard–Jones energy and
length parameters, respectively. Implementation of Eq. 42 with known intermolecular
potential relations [4] with an infinite cutoff distance and minimum molecular spacing
rmin yields

κ = r2
min

⎡
⎢⎣
(

rmin
σlj

)6 − 1
7(

rmin
σlj

)6 − 1
3

⎤
⎥⎦ (43)
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The connection among rmin, σlj, and b̃ requires analysis of the minimum volume
occupied by a face-centered cubic (fcc) lattice of stacked molecules. The equations of
state (Eqs. 16 and 17) define an approximate minimum-specific volume of the fluid
as b̃Na. The packing fraction of an fcc lattice is 0.74048, so the volume occupied by
a single molecule is

4π

3

(σlj

2

)3 = 0.74048b̃ (44)

where the approximate intermolecular distance is σlj. Rearranging Eq. 44 and sub-
stitution for b̃ in each fluid model yields a relationship between σlj and fluid critical
properties:

– SRK:

σlj = 0.497Li (45)

– PR:

σlj = 0.479Li (46)

where

Li =
(

kbTc

Pc

)1/3

(47)

Determination of rmin requires knowledge of the average center-to-center distance
of molecules at a given temperature. If the number of molecules in a cubic volume of
liquid V is known to be N , then the distance along an edge of this cube is N 1/3rmin.
Therefore, the approximate relationship between rmin and reduced liquid density ρrl
is, after some manipulation,

rmin

Li
=
(

Z

ρrl

)1/3

(48)

The accuracy of Eq. 48 varies for each fluid but is generally accurate within 15 %. Of
the 13 fluids in this study, the expression was determined to have an average accuracy
of 9 % and 6 % for the SRK and PR fluid models, respectively.

Evaluation of the variation of ρrl with Tr requires evaluation of the saturation condi-
tions for a variety of temperatures using the pressure and chemical potential relations
discussed in the previous section. Applying the standard version of α designated by
Eqs. 25 and 27 results in predicted liquid densities between Tr = 0.6 and 0.9 that
follow the trends

– SRK:

ρrl ≈ 3.562(1 + fsrk)
0.24(1 − Tr)

0.3 (49)
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– PR:

ρrl ≈ 3.775(1 + fpr)
0.24(1 − Tr)

0.3 (50)

Finally, combining Eqs. 43, 45, 46, 48–50 results in the approximations for κ:

– SRK:

κsrk

L2
i

≈ 0.2061(1 + fsrk)
−0.16(1 − Tr)

−0.2 (51)

– PR:

κpr

L2
i

≈ 0.1877(1 + fpr)
−0.16(1 − Tr)

−0.2 (52)

Substitution of κ into Eqs. 40 and 41, and normalizing all terms using Eq. 20 and
ψr = ψ/Pc result in the updated interfacial tension integrals

– SRK:

σlv,r = σlv

PcLi
= 1.259α1/2

srk

(1 + fsrk)
0.08 (1 − Tr)

0.1

ρl∫
ρv

(
ψe,r

1 + ρrbsrk

)1/2

dρr (53)

– PR:

σlv,r = σlv

PcLi
= 1.350α1/2

pr(
1 + fpr

)0.08
(1 − Tr)

0.1

ρl∫
ρv

(
ψe,r

1 + 2ρrbpr − ρ2
r b2

pr

)1/2

dρr

(54)

4.2 Determination of ψe

Evaluation of Eqs. 53 and 54 requires knowledge of the reduced excess free energy
density ψe,r. Previous work [4,29] provide the relation

ψe = ψ0(ρ̂, T )− ψ0(ρ̂v, T )− µ̂v(ρ̂ − ρ̂v) (55)

where ψ0 is derived from Eqs. 31 or 32, and µ̂v is the chemical potential in the bulk
vapor region. This study follows [4,29] in the application of a straight-line approxima-
tion to connect the free energy densities of the bulk phases if the effects of the density
variation in the interfacial region are negligible. The excess free energy density follows
as the actual density variation minus the straight-line approximated density variation.
Thermodynamic manipulation [29] follows to create the expression for reduced excess
free energy density:

ψe,r = ψ0,r (ρr, Tr)− µrvρr

Z
+ Pr (56)

123



Int J Thermophys (2010) 31:253–275 265

Evaluation of ψ0,r, µrv, and Pr is relatively straightforward following [4] to obtain
ψe,r, which creates the final interfacial tension expression for each fluid model:

– SRK:

σlv,r = 2.181α1/2
srk

(1 + fsrk)
0.08 (1 − Tr)

0.1

ρrl∫
ρrv

(
1

1 + ρrbr

)1/2

⎛
⎜⎜⎝

−ρrTr − ρrTr ln
[
ρrv(1−ρrbr)
ρr(1−ρrvbr)

]
− Trbrρrρrv
(1−ρrvbr)

+ arαRρrρrv
3(1+ρrvbr)

− arαRρr
3br

ln
[

1+ρrbr
1+ρrvbr

]
+ Pr

3

⎞
⎟⎟⎠

1/2

dρr (57)

– PR:

σlv,r = 2.436α1/2
pr(

1 + fpr
)0.08

(1 − Tr)
0.1

ρrl∫
ρrv

(
1

1 + 2ρrbr − ρ2
r b2

r

)1/2

⎛
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+ arαPρr Zpr
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ln

(
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ρrvbr

1+
(

1−√
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)
+ Pr Zpr

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

1/2

dρr (58)

5 Predictive Capability of Original SRK and PR Models

The first goal in this study is to test the ability of the SRK and PR models to pre-
dict interfacial tension using Eqs. 57 and 58, respectively. Soave [25] and Peng and
Robinson [26] have already shown that their models provide a good means to predict
saturation pressure for a variety of fluids through use of a pressure-based acentric fac-
tor in Eq. 29. The approach by Soave, Peng and Robinson to modeling the saturation
properties was to develop a fugacity relation using their respective equations of state
in Eqs. 6 and 7. Here, I validate the approach described in this article by comparing
predictions of saturation pressure to experimental data by applying the relations for
pressure (Eqs. 18 and 19) with chemical potential equality between phases (Eqs. 23
and 24) following an established iterative approach [4]. Figures 1 and 2 show that the
predicted saturated pressure values for both SRK and PR models for 13 fluids fall
within 4.6 % of the accepted values, which provides confidence in the approach used
here to find saturation properties. This discrepancy ε is calculated as

ε (Pr) =
∣∣(Pr)calc − (Pr)accepted

∣∣
(Pr)accepted

(59)
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Fig. 1 Saturated pressure
accepted values (open markers)
from Refs. [5–16] , SRK
predictions (closed markers),
and the RK prediction (line) for
a variety of fluids

Fig. 2 Saturated pressure
accepted values (open markers)
from Refs. [5–16] , PR
predictions (closed markers),
and the RK prediction (line) for
a variety of fluids

where (Pr)calc and (Pr)accepted are the calculated and accepted values of reduced pres-
sure, respectively. Analogous relations are used to describe discrepancies for the other
fluid properties in this study.

Using the RK relation provides a much larger disagreement of 58 %, so the imple-
mentation of advanced cubic models provides an improvement in saturation pressure
prediction. The figures show that the implementation of a pressure-based acentric fac-
tor along with knowledge of Pr = 1 at Tr = 1 allows an easy, accurate means to adjust
the predictive RK curve to match the scatter in experimental data.

Predictions of saturated bulk densities were also performed using the SRK and PR
models. In general, the deviation of predicted to accepted density values is 10 % and
32 % for saturated liquid and vapor densities, respectively, in the SRK model; and
14 % and 23 % for saturated liquid and vapor densities, respectively, in the PR model.
Use of the RK fluid model results in predicted liquid and vapor density agreements
of 6.8 % and 112 %, respectively, so the SRK and PR models provide much better
predictions of vapor density than RK, but worse predictions of liquid density.
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Fig. 3 Interfacial tension
accepted values (open markers)
from [5–16], SRK predictions
(closed markers), and the RK
prediction (line) for a variety of
fluids

Equations 57 and 58 were used to predict interfacial tension for a variety of
fluids. The RK equivalent expression was also rederived and implemented accord-
ing to Ref. [4] for comparison. Figures 3 and 4 show that the SRK and PR models
do not provide good agreement with the accepted data. Differences between the RK,
SRK, and PR and the accepted values for a group of 13 fluids are 19 %, 35 %, and
46 %, respectively, which shows that the added complexity of the PR and SRK models
adds disagreement with interfacial tension prediction. Subsequent investigation [30]
discovered the reason for this discrepancy:

– The interfacial tension expressions for cubic fluid models (e.g., Eqs. 57 and 58)
tend to naturally overpredict interfacial tension when real fluid data were used for
bulk properties.

– A sensitivity analysis shows that the dominant factor for interfacial tension predic-
tion is bulk vapor density, and increases in bulk vapor density reduce predictions
of interfacial tension.

– The RK model overpredicts vapor density by a large amount (112 %), and this
overprediction reduces its predicted interfacial tension values to levels more con-
sistent with accepted values.

– The SRK and PR models do not overpredict vapor density as much as the RK
model does, and therefore the resultant reduction in predicted interfacial tension
values for the SRK and PR models is not as significant as in the RK model.

6 Development of New Relations for αsrk and αpr and Their Predictions

A new approach to evaluating α is considered since Figs. 3 and 4 show that use of a
traditional acentric factor in determining α creates additional disagreement between
predicted and accepted data. Soave [25] solved for the variation of αsrk versus tem-

perature for a variety of fluids to find the general trend α1/2
srk − 1 ∝

(
1 − T 1/2

r

)
that fit

saturation pressure data well. In this study, an analogous approach is considered that
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Fig. 4 Interfacial tension
accepted values (open markers)
from Refs. [5–16], PR
predictions (closed markers),
and the RK prediction (line) for
a variety of fluids

provides improved interfacial tension predictions based on a known datum. The first
step in determining an interfacial tension-based α was to calculate values of α that
resulted in matching interfacial tension using Eqs. 57 and 58. These calculations are
for both SRK and PR fluid models:

1. Choose an initial value of α.
2. Choose an initial value of Pr.
3. Find the liquid and vapor-specific volume as the minimum and maximum roots

of Eq. 18 or 19.
4. Use Eq. 23 or 24 to determine if the calculated saturation-specific volume values

provide an equilibrium. Equilibrium is declared if the absolute value of the left-
hand side of Eq. 23 or 24 is <10−6. If the system is not in equilibrium, then adjust
Pr and go back to item 3.

5. Calculate the interfacial tension for the specified α and saturation properties using
Eq. 57 or 58. A match between the predicted interfacial tension and the target value
is declared when the absolute value of the error in σlv,r is less than 0.001. If the
match is not found, then adjust α and go back to item 2.

Values of αsrk (Tr) and αpr (Tr) that provide good agreement with accepted interfa-
cial tension values were determined using 6 to 9 data points each for 13 fluids in this
study using the above procedure. Figure 5 shows that the behavior of αsrk and αpr for
these fluids (the variation in the six fluids shown represents that for the entire group)
do not follow the same trend as that seen by Soave [25] or by Peng and Robinson
[26]. In addition, the behavior of curves differs within the group. Acetone, nitrogen,
and ammonia tend to have nearly linear curves, whereas curves for water, methanol,
and n-butanol contain a large curvature at lower temperatures. Therefore, one cannot
find a central unifying relation for αsrk or αpr for all temperatures and fluids. However,
further investigation allowed for discovery of a unifying relation among the fluids
relating the fluid interfacial tension and α. Figures 6 and 7 show that all data within
0.65 ≤ Tr ≤ 0.95 for a variety of fluids fall along the same line for a given temperature
Tr. These lines may be extended to a single data point. This approximation allows the
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Fig. 5 Calculated values of αsrk
(closed markers) and αpr (open
markers) that match SRK and
PR interfacial tension
predictions, respectively, with
accepted values

calculation of the unifying equations for a parameter ζ defined as

ζ (Tr) = log10
(
1 + σlv,r (Tr)

)
(60)

The empirically determined equations are as follows:

– SRK:

αsrk = 1 + 1.3082 (1.1417ζ )n1(Tr) (61)

where

n1 (Tr) = 1.471 exp (4.001 (1 − Tr)) (62)

– PR:

αpr = 1 + 1.7409 (1.2762ζ )n1(Tr) (63)

where

n1 (Tr) = 1.7312 exp (5.5493 (1 − Tr)) (64)

These equations were chosen such that α → 1 as ζ → 0.
Since the relationship between both αsrk and αpr with ζ is established, the only

remaining relationship to analyze is that between ζ and Tr. Equation 60 shows that
ζ → 0 as Tr → 1 to reflect zero interfacial tension at the critical point. Accepted
values in Figs. 3 and 4 demonstrate a power–law relationship between σlv,r and Tr,
and therefore an appropriate predictive relation for ζ follows
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Fig. 6 Fit curve (lines)
relationship between values of
αsrk (markers) that match
accepted values for various ζ
and Tr for the SRK fluid model.
The marker shape identifies the
fluid, and the marker color/tone
identifies the temperature. The
fit curve is stated in Eqs. 61 and
62. The accuracy of αsrk values
is within 0.1 %. (Color figure
online)

Fig. 7 Fit curve (lines)
relationship between values of
αpr (markers) that match
accepted values for various ζ
and Tr for the PR fluid model.
The marker shape identifies the
fluid, and the marker color/tone
identifies the temperature. The
fit curve is stated in Eqs. 63 and
64. The accuracy of αpr values is
within 0.1 %. (Color figure
online)

ζ = ζ0

(
1 − Tr

1 − Tr,0

)n2

(65)

where ζ0 is calculated using a known experimental datum at Tr,0. Note that this
approach allows incorporation of an experimental datum at any temperature instead
of at Tr = 0.7 used in the traditional acentric factor of Eq. 29, and its form is similar to
that proposed for cryogenic fluids [31]. The exponent n2 in Eq. 65 varies depending on
the fluid, and the best values of n2 were determined to match a variety of fluids using
tabulated data of accepted values from Refs. [5–16]. Table 1 shows that these expo-
nents appear to depend on the fluid’s molecular structure, with the value of n2 slightly
lower for alcohols and polar fluids compared to nonpolar inorganic and hydrocarbon
fluids, a fact also expressed by Reid et al. [17] and Fishtine [32]. The table shows that
one may apply an approximate value of n2 if the general type of fluid is known.

The table shows the results from combining Eqs. 61–65 with Eqs. 57 and 58 and ζ0
at Tr = 0.7 ± 0.03 to determine the average magnitude of agreement with accepted
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Fig. 8 Interfacial tension
accepted values (open markers)
from Refs. [5–16]; modified
SRK predictions using Eqs. 57,
61, 62, and 65, and Table 1
(closed markers); and the RK
prediction (line) for a variety of
fluids

Fig. 9 Interfacial tension
accepted values (open markers)
from Refs. [5–16]; modified
SRK predictions using Eqs. 57,
61, 62, and 65, and Table 1
(closed markers); and the RK
prediction (line) for a variety of
fluids

values for a variety of fluids. These predictions are also shown in Figs. 8, 9, 10, and
11. One can see that the best advantage for applying the modified SRK and PR lies in
predictions for nonpolar inorganic fluids and alcohols. Less improvement in modified
SRK and PR predictions is seen for polar fluids when compared to the RK approach,
whereas no improvement is seen for liquid hydrocarbons.

A simpler approach to interfacial tension prediction involves the application of
Eq. 65 alone. This equation provides an easy predictive relation for an interfacial ten-
sion trend when a single interfacial tension datum and fluid type are known. For the
fluids used in this study, an experimental datum is taken at Tr = 0.7±0.03, and Eq. 65
is applied to predict interfacial tension using values of n2 from Table 1. This table
also provides the average magnitude of disagreement between predicted values and
the remaining accepted values. Empirical methods by Reidel [18] and Hakim et al.
[19] were also used for comparison. Reidel provides the following relation—placed
in reduced form here—for interfacial tension of a fluid:
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Fig. 10 Interfacial tension
accepted values (open markers)
from Refs. [5–16]; modified PR
predictions using Eqs. 58,
63–65, and Table 1 (closed
markers); and the RK prediction
(line) for a variety of fluids

Fig. 11 Interfacial tension
accepted values (open markers)
from Refs. [5–16]; modified PR
predictions using Eqs. 58,
63–65, and Table 1 (closed
markers); and the RK prediction
(line) for a variety of fluids

σlv,r = 19.348 (0.133αc − 0.281) (1 − Tr)
11/9 (66)

where

αc =
(
∂ ln Pr

∂ ln Tr

)
c
≈ 5.811 + 4.919ω (67)

Hakim et al. provide a relation to predict the change in interfacial tension with respect
to temperature based on a known datum:

σlv,r = (σlv,r
)

0

(
1 − Tr

1 − Tr,0

)n3

(68)
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Table 2 Magnitude of disagreement in predictions using the RK, SRK, PR, modified SRK, and modified
PR fluid models, and Reidel and Hakim relations compared to accepted values

Quantity RK (%) SRK (%) PR (%) Modified SRK (%) Modified PR (%) Reidel (%) Hakim (%)

Pr 57 5 5 61 69 – –

ρrl 6 10 14 5 8 – –

ρrv 112 32 23 119 113 – –

σlv,r 17 35 46 6 10 16 15

This equation appears to be similar to Eq. 65, but it uses σlv,r instead of ln σlv,r, and it
contains an explicit relation for the exponent n3:

n3 = 1.21 + 0.5385ω − 14.61x − 1.65ω2 − 32.07x2 + 22.03ωx (69)

where x is the Stiel polar factor x = log10 Pr (Tr = 0.6) + 1.70ω + 1.552. Table 1
shows that predictions using the Reidel expression (Eq. 66) provide reasonable results
for fluids other than alcohols. The table also shows that the approach by Hakim et al.
yields a disagreement of 15 % with accepted values. For analysis using Eq. 68, the
interfacial tension datum is taken at Tr = 0.7 ± 0.03 for consistency with the other
approaches. In addition, six fluids did not have data listed at or below Tr = 0.6
in [5–16], and therefore mω was not calculated instead of extrapolating data, which
would result in an inaccurate value of x .

The average magnitude of the error in predictions of saturation pressure, liquid,
and vapor density, and interfacial tension values using the RK, SRK, PR, modified
SRK, and modified PR for all 13 fluids in this study is provided in Table 2. Note that
in general for both the modified SRK and modified PR models, the alteration of αsrk
and αpr results in improved predictions for both the liquid density and interfacial ten-
sion. However, the modified forms of SRK and PR contain larger disagreement with
accepted values for saturation pressure and vapor density. This result is consistent with
the fact that overestimation of vapor density by cubic models tends to provide better
predictions of interfacial tension [30]. The table also shows that the approach used
here provides improved predictions of interfacial tension compared to the RK model,
Eqs. 66 and 68.

7 Conclusions

This study extends the neoclassical theory of capillarity to the more advanced SRK and
PR fluid models to ascertain the limitations of using cubic fluid models for interfacial
tension prediction. It was discovered that the SRK and PR models did not provide
as good of agreement between predicted values and experimental data when com-
pared to the RK fluid model because of the influence of the highly predicted vapor
densities on the predicted interfacial tension values in the RK model. Fortunately,
further investigation allowed for a means to provide improved predictions compared
to the RK model when an interfacial tension datum and fluid molecular structure were
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provided. The modified SRK and PR models discussed here provide some improve-
ment in interfacial tension prediction compared to the RK approach, but this improve-
ment is not intended to surpass that using more modern equations of state. It should
be noted rather that this study represents the limits the neoclassical theory for cubic
equations of state in that accurate interfacial tension predictions will sacrifice accuracy
in vapor density predictions.
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